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We consider a part-based model, where each part in a specic image |i corresponds to a
patch feature from F (). Denote the appearance, location and scale components of each
vector x F (I) by xa, xi and xs respectively (with dimensions 15,2,1), where x =[xa,XI,Xs]. We
can assume that the appearance of diBerent parts is independent, but this is obviously not the
case with the parts’ scale and location. However, once we align the object instances with
respect to location and scale, the assumption of part location and scale independence
becomes reasonable. Thus we introduce a 3-dimensional hidden variable C =(Ci,Cs), which
xes the location of the object and its scale. Our assumption is that the location and scale of
diBerent parts is conditionally independent given the hidden variable C, and so the joint
distribution decomposes according to the graph in Figure 3b.



It follows that for a model with P parts, the joint probability of {X"_}'E=1 and C' takes the form

P P
p({X* =y, ClO) = p(C1©) [ p(x*C.6%) = p(C|0) [] p(XEI05)p(XF|CL Cu, 8F)P(XEICL, 8F) (5)
E=1 k=1

We assume uniform probability for €' and Gaussian conditional distribution for X, X;, X, as follows:

P(XZl65) = G(XFus xh) (6)
Xk -0
23
P(XE|C.,05) = G(log(XF) - log(C.)|uf, of)

PXFIG.C..08) = G ek s =F)

Hi s 2o )

where G(-|pr, ¥) denotes the Gaussian density with mean p and covariance matrix . We index the model
components a,l.s as 1,2, 3 respectively, and denote the log of these probabilities by LG(x;|C.u;, Z;) for
j=1,2,3

3.2 A model based classifier

As discussed in Section 2.4.1, the likelihood P(I|M) is given by averaging over all the possible part vectors
that can be assembled from the feature set F'(J) (see Eq. (2)). In our case, we should also average over all
the poasible values for the hidden variable €. Thus

P

P
M)=K, H P(z*|C,8%) (7)
ZC: (.z_:l,..,.t"z:)EF‘(f)P k=1

' 2z foriz]

for some constant .
In order to allow efficient likelihood assessment we make the following approximations

P
K, Z Z H P(z*|C,0%) (8)

P(IM) =
C (zl,..oP)cF(I)P k=1
P

= Ko max P(zF|C, 8%) ()

Cuzt,. aP)eF ()7 ol ‘
P

= Kymax max P(z|C,0%) (10

°oe :cI;Il“EF(” (=] ¢ )

Approximation (8) above was discussed earlier in a more general context (see Eq. (4)), and it is necessary
in order to eliminate the global dependency between parts. In approximation (9), averages are replaced
by the likelihood of the best feature vector and best hidden . This approximation is compelling since
natural images rarely have two different likely object interpretations. In addition., working with the best
single vector uniquely identifies the object’s location and scale, as well as the object’s parts. Such unique
identification is required for most semantical tasks beyond mere recognition. Finally, the approximated
likelihood is decomposed into separate maxima over €' and the different parts in Eq. (10).

/>



The decomposition of the maximum achieved in Eq. (10) is the key to the efficient likelihood computation.
We discretize the hidden variable € and consider only a finite grid of locations and scales, with a total of
N. possible values. Using this decomposition the maximum over the N, - N fP argnments can be computed
in O(N.N;P) operations. However, we cannot optimizing the parameters of such a model by likelihood
maximization. Sinece feature repetition is allowed, the ML solution will choose the same (best) part p times,
as shown in Appendix A.

The natural generative classifier is based on the comparison of the LRT statistic to a constant threshold,
and it therefore requires a model of the background in addition to the object model. Modeling general
backgrounds is clearly difficult, due to the diversity of objects and scenes that do not share simple common
features. We therefore approximate the background likelihood by a constant. Our LRT based classifier thus
becomes

P

_ TR " g i 1 ok 1)
fil)=log P(I|M) —log(I|BG) — v = max g 1521&()}) log p(z|C.8%) —v (11)
for some constant v.

4 Discriminative optimization
Given a set of labeled images {I;, _u,:};'il. we wish to find a classifier f(I) of the functional form given in
Eq. (11), which minimizes the exponential loss

N
L(f) = Y exp(-uf (1)) (12)
=1

This is the same loss minimized by the the Adaboost algorithm [22]. Its main advantage in our context
ia that it allows for the determination of the classifier threshold using a closed form formula, as will be
described in Section 4.1.

We have considered two possible techniques for the optimization of the loss in Eq. (12): Boosting and
gradient descent. In the boosting context, we view the log probability of a part

max log p(z|C,6%)
zeF(TI)

as a weak hypothesis of a specific functional form. However, the classifier form we use in (Eq. (11)) is
rather different from the traditional classifiers built by boosting, which typically have the form f(I) =
Zle oRR(I). Specifically, the classifier (11) does not include part weights a®, it has an extra threshold
parameter v, and it involves a maximization over €', which depends on all the 'weak’ hypotheses. The third
point is the most problematic, as it requires optimizing over parts with internal dependencies, which is much
harder than optimization over independent parts as in standard hoosting.

In order to simplify the presentation, we assume in Section 4.1 a simplified model with no spatial relations
between the parts, and show how the problems of parts weights and threshold parameters are coped with, with
minor changes to the standard hoosting framework. In Section 4.2 we consider the problem of dependent
parts, and show how boosting can be naturally extended to handle classifiers as in Eq. (11), despite the
dependencies between parts due to the hidden variable C'. Finally we consider the optimization from a more
general viewpoint of gradient descent in Section 4.3. This allows us to introduce several enhancements to
the pure boosting technique.

4.1 Boosting of a probabilistic model

Let us consider a simplified model with parts appearance only (see Eq. (6)). We show how such a classifier
can be represented as a sum of weighted 'weak’ hypotheses in Section 4.1.1. We then derive the boosting



algorithm as an approximate gradient descent in Section 4.1.2. This derivation is slightly simpler than
similar derivations in the literature, and provides the basis for our treatment of related parts, introduced in
Section 4.2. In Section 4.1.3 we show how the threshold parameter in our classifier can be readily optimized.

4.1.1 Functional form of the classifier
When there are no relations between parts, the classifier (11) takes the following form

r
(1) = max log p(z,|8%) — v (13)
1) ;xep(n 8 P(Ta|6a) iy

r
This classifier is easily represented as a sum of weak hypotheses f{I) = 3 h*(I) where
k=1

¥ (1) = max log Gxa)8F) — v* (14)
aeF(I)

and v = Z‘f:l v®. Weak hypotheses in this form can be viewed as soft classifiers.
We next represent the classifier in an equivalent functional form in which the covariance scale is trans-

r
formed to part weight. Now f(I}) = 3. o®h*®(I') where h*(T) takes the form
k=1
() = Hzalns, Ta) — v, || = 5)
hE(I) s logG(zalng, ) —v*,  |Eg] =1 (15)
The equivalence of these forms is shown in Appendix B.

4.1.2 Boosting as approximate gradient descent

Boosting is a common method which learns a classifier of the form f(z) = Y0_, ofh¥(z) in a greedy
fashion. Several papers [12, 15] have presented boosting as a greedy gradient descent of some loss function.
In particular, the work of [15] has shown that the Adaboost algorithm [29, 22] can be viewed as a greedy
gradient descent of the exp loss in Eq. (12), in L? function space. In [12] Adaboost is derived nsing a second
order Taylor approximation of the exp loss, which leads to repetitive least square regression problems. We
suggest here another variation of the derivation, similar to [12] but slightly simpler. All three approaches
lead to an identical algorithm (the discrete Adaboost [29]) when the weak learners are binary with the range
{+1,—1}. For weak learners with a continuous output, our approach and the approach of [15] culminates in
the same algorithm, e.g. Adaboost with confidence intervals [22]. However, our approach is simpler, and is
later used to derive a boosting version for a model with dependent parts.

Specifically, we derive Adaboost by considering the first order Taylor expansion of the exp loss function.
In what follows and thronghout this paper, we use superscripts to indicate the boosting round in which a
quantity is measured. At the p'th boosting round, we wish to extend the classifier f by f#(z) = &~ (z) +
aPhP(z). We first assume that o is infinitesimally small, and look for an appropriate weak hvpothesis
hP(X). Since o is small, we can approximate Eq. (12) using the first order Taylor expansion.

To begin with, we differentiate L(f) w.r.t. o

dL(f) _
da?

exp(—u; iz )y b (5] (16)

N
i=1

We denote w; = exp(—; f(z;)), and derive the following Taylor expansion

N
L(f?) = L(f*7) — o ) wf "y hP(2s) (17)
i=1

/B



Assuming o > 0, the steepest descent of L(f) is obtained for some weak hypothesis i* which maximizes
the weighted correlation score

N
S(h? () = S wh ™ yhP(x;) (18)
=1
This maximization is done by a weak learner, getting as input the weights {u.'f_l :":1 and the labeled data

points. After the determination of h?{x), the coefficient a? is determined by the direct optimization of the
loss in Eq. (12). This can be done in closed form only for binary weak hypotheses with output in the range
of {1,—1}. In the general case numeric methods are employed, such as line search [22].

4.1.3 Threshold optimization

Maximizing the linear approximation (17) can be problematic when unbounded weak hypotheses are used.
In particular, optimizing this eriterion w.r.t to the threshold parameter in hypotheses of the form (14) is
ill-posed. Substituting (14) into eriterion (17), we get the following expression to optimize:

N

Sh) = wiyi( max log Grs|p,. X, ) — v/) (19)

(k) ; (max log G(ailpug, X,) —v) )
= 04/ Z w; — Z w; v

ity =—1 wwi=1

where C' is independent of 7. If 3>~ w; — 3 w; # 0, S(h) can be increased indefinitely by sending v to
trwi=—1 =1
+oc or —oo. Such a choice of v clearly doesn't improve the original (exact) loss (12).
The optimization of the threshold should therefore be done by considering (12) direetly. It is based on
the following lemma:

Lemma 1. Consider a function f: I — R. We wish to minimize the loss (12) of the function f=f-v
where v is a constant. Assume that there are both labels +1 and —1 in the data set.

1. An optimal vt exists and is given by

N

> exp(f(L))

vt = %log {4;«,:'\.":—1} (20)
> exp(—f(L)
{iui=1}
2. The optimal f* = f — v* satisfies
N N
Do oexpl=fI)) =Y, ep(fl) (21)
{twi=1} {tyi=—1}
3. The optimal loss L(f —v*) is
1
N N 2
2| ) exp(—f(L)- Y exp(f(L)) (22)
{iyi=1} {imi=—1}

12



The lemma is proved by direct differentiation of the loss w.r.t i, as sketched in Appendix C.

We use this lemma to determine the threshold after each round of boosting, when f?(I) = fP=1(I) +
aPh?(I). Eq. (20) gives a closed form solution for v onee hP({) and a® have been chosen. Eq. (22) gives the
optimal score obtained, and it is useful when efficient numeric search for o is required. Finally, property
(21) implies that after threshold update, the coefficient of v in Eq. (19) is nullified (the slope of the linear
approximation is 0 at the optitmim). Hence optimizing the threshold before round p assures that the score
S(h?) does not depend on 7. We optimize the threshold in our algorithm during initialization, and after
every boosting round (see Algorithm 1). The weak learner can therefore effectively ignore this parameter
when choosing a candidate hypothesis.

4.2 Relational model Boosting

We now extend the boosting framework to handle dependent parts in a relational model of the form (11).
We introduce part weights into the classifier by applying the transformation described in Eq. (15) to the
three model ingredient deseribed in Eq. (6), i.e. appearance, location and scale. The three new weights are
summmed into a single part weight, leading to the following classifier form

P
Py ) kpkor oo _ o
fLIJ—méo;;a h*(I,C) —v (23)
where for k=1,.., P
Ky v ok \
hE5(I,C) = Ilglpaf})g (I,C) (24)
3 A}L
k(F ¢ ] T
gt(I,C) = ——— LGz |e, ], E)
N I
=5 = 1, AM>0 i=1,2,3

In this parametrization o® is the sum of component weights and A;/ Ej:‘l A; measures the relative

weights of the appearance, location and seale. Thus, given an image [, the computation of f requires the
computation of the accumulated log-likelihood and its hidden center optimizer, denoted as follows

»
0iI,cy = Y a*hk(1,0) (25)
k=1
¢ = argmaxli(I,C)

c

In order to allow tractable maximization over C, we discretize it and consider only a finite grid of locations
and scales with N, possible values. Under these conditions, the computation of Il and C* amounts to
standard MAP message passing, requiring O(PN;N.) operations.

Our suggested hoosting method is presented in Algorithm 1. We derive it by replicating the derivation
of standard boosting in Eq. (16)-(18). For f of the form (23), the derivative of L(f) w.r.t. o, is now

dL(f) 2 _ _
dc;g‘ =— Z w;y:h? (I;, CF ) (26)
i=1
and using the Taylor expansion (17) we get
N
L(fr) = L(f*-Y) — 0@y _wl'yhP (L, 17 ) (27)
i=1

/!



Algorithm 1 Relational model boosting
Given {(I;, %)}, . w € {-1,1} , initialize:

Hii,c)=0 i=1,.,N, ¢in a predefined prid
o FElwi=—1}

v=zlogZr =1

w; =exp( y;-v ) i=1,.,N

w; = wi/ YL, w;

Fork=1,..F
1. Use a weak learner to find a part hypothesis h*(7, ') which maximizes

N

S(h) = Z wyy; M1, CF)
i=1
(see text for special treatment of round 1).
2. Find optimal o by minimizing
N N
> en(=f2(1)) Y, exn(F°(L)
{Z:ui=1} {ii=—1}

where f°(I) = max (1, C) + ak®(I,C)).
Update Il and the optimal center C'*
H(i,c) = (i, c) + aFh(i,c)
[f°(L:), C}] = max, argmax (i, ¢)

3. Update f(I;) and the weights {w; 1,

n
¥ exp(£U1:))

v=1log | %~
Y exp(—fUL))
{iryi=1}

flly =" L)—v

w; = exp(—y: f(1;))
1 N
w; = wy/ E{;:I w;

Output the final hypothesis f(I) = Ele aphy(I)—v

. o TR . S SN
In analogy with the criterion (18), the weak learner should now get as input {w? L¢ i 1}13:1 and try
to maximize the score

N
S(h?) = Z w?f kP (I, CFP L) (28)
=1

This task is not essentially harder than the weak learner’s task in standard boosting, since the weak learner
‘assumes’ that the value of the hidden variable €' is known and set to its optimal value according to the
previous hypotheses. In the first baosting round, when C'**~! is not yet defined, we only train the appearance
component of the hypothesis. The relational components of this part are set to have low weights and default
values.



Choosing of after the hypothesis A?(1. C') has been chosen is more demanding than in standard boosting.
Specifically, o should be c¢hosen to minimize

L(max [1P~Y(1.C) + a®h?(1,C)] —v*) (29)

Since the optimal value of ¢ depends on P, its inference should be repeated whenever a different value is
considered for P (although the messages h¥(f, ') can be computed only once). After finding the maxinnim
over (U, the loss with the optimal threshold can be computed using Eq. (22). The search for the optimal
af can be done using any line search algorithm, and we implement it using gradient descent as described in
Section 4.3.

4.3  Gradient descent

In this section we combine the relational boosting from Section 4.2 with elements from a more general
gradient descent perspective. In Section 4.3.1 we deseribe our implementation of Algorithm 1, in which the
weak learner and the part weight optimization are gradient based. In Section 4.3.2 we suggest to supplement
Algorithm 1 with feedback elements in the spirit of more traditional gradient descent algorithms. Algorithm 2
presents the resulting algorithm for part optimization.

4.3.1 Gradient-based implementation

Current boosting-based object recognition approaches use a version of what we call “selection-based” wealk
learners [2, 19, 14]. The weak hypotheses family is finite, and hypotheses are based on a predefined feature
set [19] or on the set of features extracted from the training images [2, 14]. The weak learner computes the
weighted correlation for all the possible hvpotheses and returns the hest scoring one. Weak learners of this
type, considered in the current paper, sample features from object images {exhaustive search is too expensive
computationally); they build part hypotheses based on the feature and the current estimate of the hidden
center C'* in the feature’s image. However, as a single feature cannot reliably determine the relative weights
of the different part components (the covariance scale of appearance, location and scale), several values of
these parameters are considered for each feature.

As an alternative, we have considered a second type of weak learners, which we call “gradient-based”. A
“oradient-based” weak learner uses a hypothesis supplied by the selection learner as its starting point, and
tries to improve its score nsing gradient ascent. Unlike the selection based weak learner, the gradient-based
weak learner is not limited to parts based on natural image features, as it searches in the continuum of all
possible part models. The relevant gradient is the derivative of the score S(h?) w.r.t the part parameters,
given by the weighted sum

d8(RP) e g dRA(ILCEEY) N L APl Ot al :
— =2 Wl — =) wf e (30)

i=1 i=1
where »}'" is the best part candidate in image i

’ . -1
x]? = argmax gP(1;, C)"7)
.z:EF'(J’.‘)

Since the gradient depends on the best part candidates according to the current model, the gradient dynamics
iterates between gradient steps in the parameters #7 and the re-computation of the best part candidates
{x!PHY | Pseudo code is given in Step 1 of Algorithm 2.

We also use gradient descent dynamics to implement the line search for the optimal part weight o®. This
search method is based on slow, gradual changes in the value of a®, and hence it allows us to experiment with
a feedback mechanizm (see Section 4.3.2). The gradient of the loss w.r.t af is given in Eq. (26). Notice that
the gradient depends on {7}, and {w;}" . and both are functions of aP. Hence the gradient dynamics
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6 Discussion
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